Remarks on uniqueness results of the first eigenvalue of the p-Laplacian
Introduction
In this work, we are interested in the properties of the "first eigenva,lue" of the p-laplacian. Let us recall that the typical eigenvalue problem for the p-laplacian is to find A E R and u( 0) in weak solution of :
where H is a bounded domain of RN. In all the following, we will always assume that the boundary 8 S2 is of class C'2~~. The problem of the existence of such À and u has been studied recently by J.P. GARCIA-AzORERO and I. PERAL-ALONZO [5] : They show the existence of an increasing sequence of eigenvalues such that a k -~ We prove here that, roughly speaking, the first eigenvalue Ai, which is defined by possesses all the properties of the first eigenvalue of a second -order non degenerate elliptic operator as soon as aSZ is connected. Ai is associated to a eigenfunction which is positive in H and is unique (up to a multiplicative constant). Moreover, Ai is the unique eigenvalue associated to a nonnegative eigenfunction. This kind of properties has been studied for N = 1 by M. OTANI [13] and in a ball of RN by F. de THELIN [4] .
Of course, the main difficulty to prove these results relies on the -a priori -lack of regularity of the eigenfunctions. For example, in the unit ball, the existence of a radially symmetric eigenfunction, for which it is easy to show that it is smooth except perhaps in zero, simplifies all the arguments below. Therefore, the first part of this paper is devoted to the study of the regularity of a solution u of (1) for A = À1. It would be too long to mention here all the works (that we know!) concerning the regularity for similar degenerate elliptic equations; we only give here those we have directly used and refer the reader to the references in these works. Essentially, these results are of two types: the first one concerns the minima (and quasi-minima ) in the calculus of variations (cf. E. de GIORGI [3] , M. GIAQUINTA and E. GIUSTI [6] , E. Di BENEDETTO and N.S. TRUDINGER [2] [9] , P. TOLKSDORF [14] , K. UHLENBECK [16] In the second part, we are interested in the uniqueness results. Let us first mention that similar uinqueness problems for nonlinear "first eigenvalue " have been considered in P.L. LIONS [11, 12] and that we use here the same general ideas as in [11, 12] . The main point is to have a strong comparison principle which allows to use a method due to T. LAETSCH [10] . Therefore Finally, let u be a solution of (4) and (5) [7] ), u E C2,03B2(03A9~), for all ~ ~.
II. Uniqueness results
The aim of the section is to prove that the positive eigenfunction associated to Ai is unique (up to a multiplicative constant) and that Ai is the unique eigenvalue associated to a nonnegative eigenfunction,in the case when ~03A9 is connected. We will assume, in all this part, that ~03A9 is connected.
Before giving this result, we need the following strong comparison result. 
with v > 0 in Q, then u a positive eigenfunction for then (z) À = ÀI (ii) ~~c E R such that v = ~cu. Remark 3. Let us just remark that weak solutions of (7) in Wo'p(S2) are Holder continuous: this is a consequence of the fact that such solutions are in the De GIORGI classes (cf. [2] , [3] , [6] ...). Therefore, the Harnack inequality of [2] concludes that v > 0 in SZ.
We first prove Theorem II.2, using Theorem 11.1. .
Proof of Theorem
Let Xo 
